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THE CURVATURES OF SPHERICALLY SYMMETRIC FINSLER
METRICS IN Rn
XIAOHUAN MO AND LINFENG ZHOU
Abstract. In this paper, we classify the spherically symmetric Berwald met-
rics in Rn. For the spherically symmetric Landsberg metrics, we prove that
there do not exist any non-Berwald metrics among the regular case. The
partial differential equation systems which can respectively characterize the
spherically symmetric Finsler metrics with constant flag curvature and Ein-
stein metrics of this type is also obtained. Utilizing these equations, we find
an effective way to construct the non-projective, non-Randers Finsler metrics
with constant flag curvature and many explicit examples are given by this
method.
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1. Introduction
In the Finsler geometry, there exists a long open problem that the geometers
are eager to know: whether there exists a Landsberg metric which does not need
to be Berwald type. This problem is called an unicorn problem by D. Bao and M.
Matsumoto declared that the search for such metrics represents the next frontier
of Finsler geometry [3].
In the first instance, it is believed that all Landsberg metrics have to be Berwal-
dian since for Randers metrics, there is no exceptional case and no other counterex-
amples are found for a quite long time. In 2008, Z. I. Szabo´ claims that all regular
Landsberg metrics are Berwald type by using average metric [10]. However, there
is a gap in his proof and one can consult the paper [11] and [6] for the details.
On the other hand, more and more clues indicate there might exist an unicorn
metric which means non-Berwaldian Landsberg type metric. In fact, since 2002,
R. Bryant has claimed that there exit such generalized metrics in two dimensions,
depending on two families of functions of two variables [3]. In succession, G.S.
Asanov discovers the y-local unicorn metrics from Physics in 2006[1] [2]. His ex-
amples belong to (α, β)-metrics and are singular at some y-directions, thus it is
not y-global [3]. Since 2004, Z. Shen has been working on the classification of
(α, β)-metrics with Landsberg type and proves that there is no unicorn among all
regular (α, β)-metrics. Later, motivated by Asanov’s examples, Z. Shen charac-
terizes almost regular Landsberg (α, β)-metrics which generalize Asanov’s results
[7].
One may naturally question : how about those non-(α, β)-metrics? Is it possible
to search an unicorn metric among them?
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In this paper, we try to find the unicorn metrics in the class of spherically
symmetric Finsler metrics in Rn. The spherically symmetric Finsler metrics are
introduced by the second author in [14] and it is not fully studied till now. They
are a class of Finsler metrics which have a rotation symmetry and include many
Finsler metrics: such as Riemannian space forms, some Randers metrics, Bryant
metrics and the example of Berwald. Furthermore, they usually do not need to be
(α, β)-metrics. Actually, we give the following explicit form of all almost regular
Landsberg metrics of this type:
Theorem 1.1. Let (Ω, F ) be an almost regular spherically symmetric Finsler met-
ric in Rn and n ≥ 3. If F is a Landsberg metric, then either
(1) F is Berwaldian or
(2) there exist the smooth functions c1, c2, c3 of r such that
F = u exp(
∫
(c1 + 2c3)r
2s+ 2c2
√
r2 − s2
r2 + (c1 + 2c3)r2s2 − 2c3r4 + 2c2s
√
r2 − s2 ds).
Here we denote r = |x|, u = |y|, s = 〈x,y〉|y| .
Notice that the metrics in the second case are singular at some tangent directions.
Thus we prove that all regular Landsberg metrics of this class must be Berwaldian.
Another fundamental topic in Finsler geometry is to classify or look for the
metrics with constant flag curvature. Till now, as far as our knowledge, a local
classification theorem is merely done for Randers metrics [4] and square metrics
[13] [9] and both of them are (α, β)-metrics. It is still open that if there exist other
type of (α, β)-metrics with constant flag curvature. If imposing the condition of
local projective flatness, B. Li and Z. Shen prove that this kind of (α, β)-metrics
are exactly either the Randers type or the square type [5].
Furthermore, except for the Randers metrics, the examples with constant flag
curvature we know are all locally projectively flat. Can we find a method to con-
struct a Finsler metric on a manifold which is of scalar flag curvature, but not
Randers, not locally projectively flat? This is an open problem proposed by Z.
Shen [8].
In this paper, we calculate the Riemann curvature of spherically symmetric
Finsler metrics and obtain three characterized partial differential equations of those
metrics of constant flag curvature, a partial differential equation to characterize
Einstein metrics. From them, we can observe some specific solutions and find an
effective way to construct some non-Randers, non-projective Finsler metrics and
all of its flag curvatures are constant. For the convenience, two examples are listed
here:
(1) The Finsler metric
F := u
(2r + 1)2
(4r + 1)
3
2
e
( ∫
s
0
±4r(r+4r2−2s2)−4s(1+2r)
√
r
(
r+4r2−4s2
)(
r+4r2−4s2
)(
±2rs+(1+2r)
√
r
(
r+4r2−4s2
))ds)
defined on Ω = Rn \ {0} has a vanishing flag curvature. Here r = |x|,
u = |y|, s = 〈x,y〉|y| .
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(2) The Finsler metric
F 2 := u2
( 1
4r + 1
± 4
√
r(r + 4r2 − 4s2)s
r(2r + 1)(4r + 1)2
− 4(4r
2 + 3r + 1)
r(2r + 1)2(4r + 1)2
s2
)
defined on Ω = Rn \ {0} has a negative flag curvature K = −1. Here
r = |x|, u = |y|, s = 〈x,y〉|y| .
It is reasonable to looking forward to finding more examples of constant flag cur-
vature in this class, especially those metrics with flag curvature K = 1.
The paper is organized as follows. In section 2, we introduce some preliminary
definitions of a spherically symmetric Finsler metric and derive a formula of its
the geodesic spray coefficients, which is repeatedly used in latter sections. The
Berwald curvature tensor of a spherically symmetric Finsler metric is computed in
section 3. Moreover, we completely determine the metric function of a spherical
symmetric Berwald metric. In section 4, the Landsberg curvature is discussed and
our main Theorem 1.1 is proved. In the section 5, from the constant flag curvature
equations, we give the equations characterizing the spherically symmetric Finsler
metrics with constant flag curvature and Einstein metrics of this type. Via these
equations, a procedure of 4 steps on how to construct the example is elaborated
and some explicit examples are obtained by this method in final section 6.
2. Preliminary
Let F be a Finsler metric defined on a domain Ω which is contained in Rn. F is
called spherically symmetric if it is invariant under any rotations in Rn. According
to the equation of Killing fields, we know that there exists a positive function φ
depending on two variables so that F can be written as F = |y|φ(|x|, 〈x,y〉|y| ) where
x is a point in the domain Ω, y is a tangent vector at the point x and 〈, 〉, | · | are
standard inner product and norm in Euclidean space. One can see the details in
[14]. For our convenience, denote r = |x|, u = |y|, v = 〈x, y〉, s = 〈x,y〉|y| . Then F has
the expression F = uφ(r, s) and it does not always need to be (α, β)-metrics such
as the Bryant metrics.
Since the metric tensor gij :=
1
2
∂2F 2
∂yi∂yj
does not involve in the derivative on the
point x, it shares the same formula with the one of the (α, β)-metrics:
gij = φ(φ − sφs)δij + (φ2s + φφss)xixj + [s2φφss − s(φ− sφs)φs]
yi
u
yj
u
+[(φ− sφs)φs − sφφss](xi y
j
u
+ xj
yi
u
).
A spherically symmetric Finsler metric F = |y|φ(|x|, 〈x,y〉|y| ) is called an almost
regular metric if it has the following properties: (i) F (x, y) > 0 and (ii) the metric
tensor gij(x, y) > 0 for any y ∈ TxΩ with 〈x, y〉 < |x||y|. F might be singular for
y = kx. Such function F is called an almost regular spherically symmetric Finsler
metric.
In order to compute the geodesic spray coefficients of a spherically symmetric
Finsler metric F , let us denote
gij = ρδij + ρ0x
ixj + ρ1(x
i y
j
u
+ xj
yi
u
) + ρ2
yi
u
yj
u
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where
ρ = φ(φ−sφs), ρ0 = φ2s+φφss, ρ1 = (φ−sφs)φs−sφφss, ρ2 = s2φφss−s(φ−sφs)φs.
Therefore, the inverse of the metric tensor is given by
gij = ρ−1(δij − τxixj − ηY iY j)
where
Y i =
yi
u
+ λxi, λ =
ǫ− δs
1 + δr2
, η =
µ
1 + Y 2µ
, Y =
√
1 + (λ+ ǫ)s+ λǫr2
and
ǫ =
ρ1
ρ2
, δ =
ρ0 − ǫ2ρ2
ρ
, µ =
ρ2
ρ
, τ =
δ
1 + δr2
.
On the other hand, by the definition of the geodesic spray coefficients, we have
Gi :=
1
4
gil{(F 2)xkylyk − (F 2)xl} =
Fxky
k
2F
yi +
F
2
gil{Fxkylyk − Fxl}.
Since Fxk = uφr
xk
r
+ φsy
k, one can write the first part as
(2.1)
Fxky
k
2F
yi =
u
2φ
(
s
r
φr + φs)y
i.
At the same time, it can be computed that
Fxkyl = (uφr
xk
r
+φsy
k)yl =
φr
ru
xkyl+
u
r
φrs(
xl
u
− v
u3
yl)xk+φss(
xl
u
− v
u3
yl)yk+φsδ
k
l.
Hence
(2.2) Fxkyly
k − Fxl = (−uxl + syl)(
φr
r
− s
r
φrs − φss).
Combining (2.1) and (2.2), the geodesic spray coefficients become
Gi =
u
2φ
(
s
r
φr + φs)y
i +
uφ
2
gil(−uxl + syl)(φr
r
− s
r
φrs − φss).
So we only need to compute
gil(−uxl + syl) = ρ−1(δil − τxixl − ηY iY l)(−uxl + syl)
= ρ−1{[−u+ τu(r2 − s2) + λ2ηu(r2 − s2)]xi + [s+ λη(r2 − s2)]yi}.
Plugging above equalities into Gi and simplifying it, one will finally come to the
formula
Gi = uPyi + u2Qxi
where
P = − 1
φ
(
sφ+ (r2 − s2)φs
)
Q+
1
2rφ
(sφr + rφs)
and
Q =
1
2r
−φr + sφrs + rφss
φ− sφs + (r2 − s2)φss .
This formula is a little more complicated than the one of (α, β)-metrics because the
partial derivatives of the point x are involved in.
For a spherically symmetric Finsler metric F in Rn, it is called projective if its
geodesics are straight lines. It is easy to check that F is projective if and only if in
its geodesic spray coefficients Q = 0. In [14], the second author gives the explicit
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formula of projective spherically symmetric Finsler metrics. Moreover, in [15], this
type of metrics with constant flag curvature are completely classified.
Since the metrics have a nice symmetry, the geodesic spray coefficients look clean
and neat. Furthermore, here is a philosophy we will often use in the section 4 and
the section 5: once one can determine the specific P and Q in the geodesic spray
coefficients, by a technique, one can immediately obtain the original metric F by
solving a linear 1-order partial differential equation system.
3. Berwald Curvature
The Berwald curvature of a Finsler metric is a tensor defined in local coordinates
as follows:
B := Bijkldx
j ⊗ dxk ⊗ dxl ⊗ ∂
∂xi
where Bijkl =
∂3Gi
∂yj∂yk∂yl
and Gi is the geodesic spray coefficients. For a spherically
symmetric Finsler metric F = uφ(r, s), we already know its geodesic spray coef-
ficients can be written as Gi = uPyi + u2Qxi. Plugging it into the definition of
Berwald curvature, one can calculate Bijkl given by
Bijkl =
Pss
u
(δijx
kxl + δilx
jxk + δikx
jxl) + (
P
u
− s
u
Ps)(δ
i
jδkl + δ
i
kδjl + δ
i
lδjk)
− s
u2
Pss
(
δij(x
kyl + xlyk) + δik(x
jyl + xlyj) + δil(x
jyk + xkyj)
)
− s
u2
Pssy
i(δjkx
l + δjlx
k + δklx
j) + (
Qs
u
− s
u
Qss)x
i(δjkx
l + δjlx
k + δklx
j)
+(
s2
u3
Pss +
s
u3
Ps − P
u3
)(δijy
kyl + δiky
jyl + δily
jyk)
+(
s2
u3
Pss +
s
u3
Ps − P
u3
)yi(δjky
l + δjly
k + δkly
j)
+(
3
u5
P − s
3
u5
Psss − 6s
2
u5
Pss − 3s
u5
Ps)y
iyjykyl
+(
s2
u4
Psss +
3s
u4
Pss)y
i(yjykxl + yjylxk + ykylxj) +
Psss
u2
yixjxkxl
−(Pss
u3
+
s
u3
Psss)y
i(yjxkxl + ykxjxl + ylxjxk)
+(
s2
u3
Qsss +
s
u3
Qss − Qs
u3
)xi(xjykyl + xkyjyl + xlyjyk)
− s
u2
Qsssx
i(xjxlyk + xjxkyl + xkxlyj) +
Qsss
u
xixjxkxl
+(
s2
u2
Qss − s
u2
Qs)x
i(δkly
j + δjly
k + δjky
l)
+(
3s
u4
Qs − 3s
2
u4
Qss − s
3
u4
Qsss)x
iyjykyl.
As we know, a Finsler metric F is called Berwald metric if the Berwald curvature
is zero. From above formula, a spherically symmetric metric F = uφ(r, s) is a
6 XIAOHUAN MO AND LINFENG ZHOU
Berwald metric if and only if P and Q in its geodesic spray coefficients must satisfy
(3.1)


sPs − P = 0
Pss = 0
sQss −Qs = 0
Qsss = 0.
From these equations, one can first solve P and Q, then completely determine the
metric function F .
Lemma 3.1. The following 1-order non-homogenous linear partial differential equa-
tion
∂φ(r, s)
∂r
+
(s
r
− rc2(r)(r2 − s2)s
)∂φ(r, s)
∂s
= −(1
r
− rc2(r)s2)φ
has the general solution given by
φ = ψ(
s2
g(r) + s2
∫
2rc2(r)g(r)dr
)e−
∫
( 2
r
−r3c2(r))drs
where g(r) = e
∫
( 2
r
−2r3c2(r))dr.
Proof. It’s characteristic equation is
dr
1
=
ds
s
r
− rc2(r)(r2 − s2)s =
dφ
−(1
r
− rc2(r)s2)φ
.
From dr1 =
ds
s
r
−rc2(r)(r2−s2)s , we know that
d
dr
(s2) = (
2
r
− 2c2r3)s2 + 2c2rs4.
This is a Bernoulli equation and can be rewritten as
d
dr
(
1
s2
) = (−2
r
+ 2c2r
3)
1
s2
− 2c2r.
Thus above equation turns into a linear 1-order ODE of 1
s2
. One can easily get its
solution
1
s2
= e
∫
(− 2
r
+2c2r
3)dr(c−
∫
2c2re
∫
( 2
r
−2c2r3)drdr).
Therefore, one first integral of the original equation can be chosen to be
s2
e
∫
( 2
r
−2c2r3)dr + s2
∫
2c2re
∫
( 2
r
−2c2r3)drdr
=
1
c
.
In order to get another independent first integral, from the characteristic equation,
we notice that
d ln s
− 1
r
+ c2r3 − c2rs2
=
dr
−1 =
d lnφ
1
r
− c2rs2
.
It implies that
d ln s− d lnφ
− 2
r
+ c2r3
=
dr
−1 .
Integrating above equation yields
ln
s
φ
−
∫
(
2
r
− c2r3)dr = c.
THE CURVATURES OF SPHERICALLY SYMMETRIC FINSLER METRICS 7
Obviously, it can be selected as another independent first integral. Hence the
general solution of the original equation can be expressed by
Ψ
( s2
e
∫
( 2
r
−2c2r3)dr + s2
∫
2c2re
∫
( 2
r
−2c2r3)drdr
, ln
s
φ
−
∫
(
2
r
− c2r3)dr
)
= 0.
From above equality, one may solve that
φ = ψ(
s2
g(r) + s2
∫
2rc2(r)g(r)dr
)e−
∫
( 2
r
−r3c2(r))drs,
where g(r) = e
∫
( 2
r
−2r3c2(r))dr. 
Theorem 3.2. Suppose a Finsler metric F = uφ(r, s) is spherically symmetric in
R
n, then F is Berwald metric if and only if either F is Riemannian or there exists
a smooth function c2(r) so that
F = uψ(
s2
g(r) + s2
∫
2rc2(r)g(r)dr
)e−
∫
( 2
r
−r3c2(r))drs
where g(r) = e
∫
( 2
r
−2r3c2(r))dr.
Proof. Firstly, let us prove the necessity. Since F is Berwald metric, it satisfies the
equations (3.1). It means that there exist three functions c1(r), c2(r) and c3(r)
such that
P = c1(r)s, Q =
1
2
c2(r)s
2 + c3(r).
Note that
P = − 1
φ
(
sφ+ (r2 − s2)φs
)
Q+
1
2rφ
(sφr + rφs), Q =
1
2r
−φr + sφrs + rφss
φ− sφs + (r2 − s2)φss .
Plugging P and Q into above equation, one has{
− 1
φ
(
sφ+ (r2 − s2)φs
)
(12c2(r)s
2 + c3(r)) +
1
2rφ(sφr + rφs) = c1(r)s,
1
2r
−φr+sφrs+rφss
φ−sφs+(r2−s2)φss =
1
2c2(r)s
2 + c3(r).
This equation system can be simplified as
(3.2){ (
(r2 − s2)(2c3 + c2s2)− 1
)
rφs − sφr + rs(2c3 + c2s2)φ+ 2rsc1φ = 0,(
(r2 − s2)(2c3 + c2s2)− 1
)
rφss − sφrs + φr + r(2c3 + c2s2)(φ − sφs) = 0.
Differentiating the first equation of (3.2) with respect to the variable s will conclude
that (
(r2 − s2)(2c3 + c2s2)− 1
)
rφss − sφrs − φr + (3c2s2 + 2c1 + 2c3)rφ
+
(
2(r2 − s2)sc2 − (2c3 + c2s2)s+ 2c1s
)
rφs = 0.
From above equation and the second equation of (3.2), we can see that
(3.3)
(
(r2 − s2)sc2 + c1s
)
rφs − φr + (c2s2 + c1)rφ = 0.
Hence (3.2) and (3.3) imply that(
(c1 + 2c3)s
2 + 1− 2c3r2
)
φs − (c1 + 2c3)sφ = 0.
If (c1 + 2c3)s
2 + 1− 2c3r2 6= 0, integrating above equation concludes
F = uφ(r, s) = uc
√
(c1 + 2c3)s2 + 1− 2c3r2
= c(r)
√
(c1(r) + 2c3(r))〈x, y〉2 + (1− 2c3(r)r2)|y|2.
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Therefore, it must be Riemannian.
If (c1 + 2c3)s
2 + 1 − 2c3r2 = 0 which means c3 = 12r2 and c1 = − 1r2 , above
equation automatically holds and can tell us that the first equation of (3.2) implies
the second equation of (3.2). In this case, the first equation of (3.2) becomes(s
r
− rc2(r)(r2 − s2)s
)
φs + φr = −(1
r
− rc2(r)s2)φ.
By Lemma 3.1, the general solution of the above equation is
φ = ψ(
s2
g(r) + s2
∫
2rc2(r)g(r)dr
)e−
∫
( 2
r
−r3c2(r))drs
where g(r) = e
∫
( 2
r
−2r3c2(r))dr.
Now let us prove the sufficiency. If F is Riemmanian, it is of course Berwaldian.
If
F = uψ(
s2
g(r) + s2
∫
2rc2(r)g(r)dr
)e−
∫
( 2
r
−r3c2(r))drs
where c2(r) is a smooth function and g(r) = e
∫
( 2
r
−2r3c2(r))dr, from above calcula-
tion, we know that its spray coefficients are given by
P = − s
r2
, Q =
1
2
c2(r)s
2 +
1
2r2
.
By the equation (3.1), F is Berwaldian. 
4. Landsberg Curvature
The Landsberg curvature is one part of curvature forms when using Chern con-
nection. In local coordinates, it can be defined as L := L jkldx
j ⊗ dxk ⊗ dxl where
Ljkl := −1
2
FFyi
∂3Gi
∂yj∂yk∂yl
.
When a Finsler metric F = uφ(r, s) is spherically symmetric in Rn, substituting the
geodesic spray coefficients into above definition and after a not so long calculation,
one will obtain
Ljkl = −φ
2
[L1x
jxkxl + L2(x
jδkl + x
kδjl + x
lδjk) + L3
yj
u
yk
u
yl
u
+L4(
yj
u
δkl +
yk
u
δjl +
yl
u
δjk) + L5(
yj
u
xkxl +
yk
u
xjxl +
yl
u
xjxk)
+L6(x
j y
k
u
yl
u
+ xk
yj
u
yl
u
+ xl
yj
u
yk
u
)]
where
L1 = 3φsPss + φPsss +
(
sφ+ (r2 − s2)φs
)
Qsss,
L2 = −sφPss + φs(P − sPs) + (sφ+ (r2 − s2)φs)(Qs − sQss),
L3 = −s3L1 + 3sL2,
L4 = −sL2,
L5 = −sL1,
L6 = s
2L1 − L2.
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A Finsler metric is defined as a Landsberg type if its Landsberg curvature van-
ishes. Obviously, above computation result indicates that F is a Landsberg metric
if and only if it satisfies the following equations
(4.1)


L1 = 3φsPss + φPsss +
(
sφ+ (r2 − s2)φs
)
Qsss = 0
L2 = −sφPss + φs(P − sPs) + (sφ+ (r2 − s2)φs)(Qs − sQss) = 0.
At first glance, this equation system might not have an explicit solution. However,
after a careful analysis and substitution, it can be completely solved.
Lemma 4.1. If a spherically symmetric Finsler metric F = uφ(r, s) in Rn (n ≥ 3)
is Landsberg type, where u := |y|, r := |x| and s := 〈x,y〉|y| , then there exist the
functions c0(r), c1(r), c2(r), c3(r) so that its geodesic spray coefficients G
i satisfy
Gi = uPyi + u2Qxi
where
P = c1(r)s + c2(r)
√
r2 − s2
r2
and
Q =
1
2
c0(r)s
2 − c2(r)s
√
r2 − s2
r4
+ c3(r).
Proof. Let Θ = P − sPs and η = sφ+ (r2 − s2)φs, then
Θs = −sPss, ηs = φ− sφs + (r2 − s2)φss.
Therefore, the second equation of (4.1) implies
(4.2) (φΘ)s + η(Qs − sQss) = 0.
Taking the derivative with respect to the variable s will obtain
(φΘ)ss = sηQsss − ηs(Qs − sQss).
At the same time, we have
(φΘ)ss = −φ(Pss + sPsss)− 2sφsPss + φssΘ.
Plugging the first equation of (4.1) into above two equations yields
ηs(Qs − sQss) = (φ− sφs)Pss − φssΘ
= −φ− sφs
s
Θs − φssΘ.
By the equation (4.2), one has
η(φssΘ+
φ− sφs
s
Θs)− ηs(φsΘ+ φΘs) = 0.
Hence,
(4.3)
Θs
Θ
[(φ − sφs)η − sφηs] = sφsηs − sφssη.
Clearly,
(φ− sφs)η − sφηs = (φ− sφs)
(
sφ+ (r2 − s2)φs
)− sφ(φ− sφs + (r2 − s2)φss)
= (r2 − s2)((φ− sφs)φs − sφφss)
10 XIAOHUAN MO AND LINFENG ZHOU
and
sφsηs − sφssη = sφs
(
φ− sφs + (r2 − s2)φss
)− sφss(sφ+ (r2 − s2)φs)
= s(φ− sφs)φs − s2φφss.
Now it is easy to see that the equation (4.3) holds if and only if
(4.4) (φ− sφs)φs − sφφss = 0
or
(4.5)
Θs
Θ
(r2 − s2) = s.
In the case of the equation (4.4), obviously its solution is given by
φ =
√
c1(r)s2 + 2c2(r)
where c1 and c2 are two functions of the variable r. Thus the Finsler metric F = uφ
is Riemannian.
In the case of the equation (4.5), one can obtain
Θ = P − sPs = c2(r)√
r2 − s2
where c2(r) is a function. This implies
P = c1(r)s + c2(r)
√
r2 − s2
r2
,
here c1(r) and c2(r) are two functions. Combining with the second equation of
(4.1) concludes
(Qs − sQss)
(
sφ+ (r2 − s2)φs
)
= − c2(r)s
(
√
r2 − s2)3φ−
c2(r)√
r2 − s2φs
= − c2(r)
(
√
r2 − s2)3
(
sφ+ (r2 − s2)φs
)
.
Since sφ+ (r2 − s2)φ2 6= 0, Q has to satisfy
Qs − sQss = −c2(r)
(
√
r2 − s2)3 .
Solving this equation will get
Q =
1
2
c0(r)s
2 − c2(r)s
√
r2 − s2
r4
+ c3(r).
This completes the proof of the lemma. 
Now we can give a proof of Theorem 1.1 by using above lemma.
Proof of Theorem 1.1. Let us introduce U and W so that
U :=
sφ+ (r2 − s2)φs
φ
, W :=
sφr + rφs
φ
.
First, from the definition of U and W , one can solve φs and φr :
(4.6) φs =
U − s
r2 − s2φ, φr =
1
s
(W − r(U − s)
r2 − s2 )φ.
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Plugging φs and φs into P and Q, which appear in the geodesic spray coefficients
of F , we have
(4.7)


P = −QU + W2r
Q = 12rs
2rU−2rs−2r2W+s(r2−s2)Ws+s2W+sUW
U2−sU+(r2−s2)Us .
At the same time, since the metric is Landsberg type, according to lemma 4.1, there
exist the functions ci(r) (i = 0, . . . , 3) such that
P = c1(r)s + c2(r)
√
r2 − s2
r2
, Q =
1
2
c0(r)s
2 − c2(r)s
√
r2 − s2
r4
+ c3(r).
If c2(r) = 0, then P = c1(r)s and Q =
1
2c0(r)s
2 + c3(r) which means F is
Berwaldian.
If c2(r) 6= 0, substituting P and Q into the (4.7) can obtain
(4.8)


U = r
2(s+c1r
2s+2c2
√
r2−s2)
r2+2c2s
√
r2−s2+c1r2s2−2c3r2(r2−s2)
W = 2r(P + UQ).
From (4.6), one can see that φ should satisfy
(4.9)


(ln φ)s =
(c1+2c3)r
2s+2c2
√
r2−s2
r2+(c1+2c3)r2s2−2c3r4+2c2s
√
r2−s2
(ln φ)r =
s
√
r2−s2(2c0c2r4+4(c1+c3)c2r2−2c2)
r
(
r2+(c1+2c3)r2s2−2c3r4+2c2s
√
r2−s2
)
+
c0c1r
6s2+(c0+4c1c3+2c
2
1)r
4s2−2c1c3r6+c1r4
r
(
r2+(c1+2c3)r2s2−2c3r4+2c2s
√
r2−s2
) .
Integrating the first equation of (4.9) yields
φ = exp(
∫
(c1 + 2c3)r
2s+ 2c2
√
r2 − s2
r2 + (c1 + 2c3)r2s2 − 2c3r4 + 2c2s
√
r2 − s2 ds).

Remark 4.2. The metrics in the second case of Theorem 1.1 are not regular, since
along the direction of the radius, we have s = r and the metrics are not C2.
If we assume the metrics to be regular, Theorem 1.1 leads to the following
corollary.
Corollary 4.3. Let (Ω, F ) be a spherically symmetric Finsler metric in Rn and
n ≥ 3. If F is a Landsberg metric, then it must be Berwaldian.
5. Riemann Curvature
The Riemann curvature is one of the most important quantities in Finsler ge-
ometry and it is defined by
Rij := 2(G
i)xj − yk(Gi)xkyj + 2Gk(Gi)ykyj − (Gi)yk(Gk)yj .
For any tangent plane P=span{y, u} ⊂ TxM , the flag curvature K(P, y) is defined
by
K(P, y) :=
gijR
i
k(x, y)u
juk
F (x, y)2gij(x, y)uiuj − [gij(x, y)yiuj]2
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which is a generalization of the sectional curvature in Riemannian case. It is well-
known that a Finsler metric F has constant flag curvature K if and only if
(5.1) Rij = KF
2(δij −
yi
F
Fyj ).
The Ricci curvature is the trace of the Riemann curvature Ric := Rii. A Finsler
metric (Mm, F ) is called Einstein metric, if there exist a function K(x) so that
Ric = (m− 1)K(x)F 2.
For a spherically symmetric Finsler metric F = uφ(r, s), if we note its geodesic
spray coefficients as following: Gi = Gi1 +G
i
2 where G
i
1 = uPy
i and Gi2 = u
2Qxi.
Then its Riemann curvature can be formulated by
Rij = 2(G
i
1)xj + 2(G
i
2)xj − yk(Gi1)xkyj − yk(Gi2)xkyj
+2(Gk1 +G
k
2)
(
(Gi1)ykyj + (G
i
2)ykyj
)− ((Gi1)yk + (Gi2)yk)((Gk)yj + (Gk)yj).
Therefore, we need to compute
(Gi1)xj =
u
r
Prx
jyi + Psy
iyj ,
(Gi2)xj = u
2Qδij +
u2
r
Qrx
ixj + uQsx
iyj
and
(Gi1)yk = uPδ
i
k + (
P
u
− s
u
Ps)y
iyk + Psx
kyi,
(Gi2)yk = uQsx
ixk + (2Q− sQs)xiyk.
Plugging above equalities into the formula of Rienmann curvature, one can see that
Rij = u
2(R1δ
i
j +R2
yi
u
yj
u
+R3x
ixj +R4x
i y
j
u
+R5x
j y
i
u
)
where
R1 = 2Q− s
r
Pr − Ps + 2(r2 − s2)PsQ+ P 2 + 2sPQ,
R2 = Ps − s
r
Pr +
s2
r
Prs + sPss − 2Q+ sQs − 2sPPs − 4sPQ+ 4s2PsQ− P 2
−2s(r2 − s2)PssQ + 3sPPs + s2PQs + (r2 − s2)sPsQs − 2r2PsQ,
R3 =
2
r
Qr −Qss − s
r
Qrs + 2(r
2 − s2)QQss + 4Q2 − (r2 − s2)Q2s − 2sQQs,
R4 = −2s
r
Qr +
s2
r
Qrs + sQss − 2(r2 − s2)sQQss + (r2 − s2)sQ2s − 4sQ2
+2s2QQs,
R5 =
2
r
Pr − s
r
Prs − Pss −Qs + 2PQ− 2sPsQ+ 2(r2 − s2)PssQ − PPs
−sPQs − (r2 − s2)PsQs.
Notice the constant flag curvature equation (5.1), we can yield the following three
equations characterizing the spherically symmetric Finsler metrics of constant flag
curvature.
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Proposition 5.1. Let (Ω, F ) be a spherically symmetric Finsler metric in Rn.
Then (Ω, F ) has constant flag curvature K if and only if the following three equa-
tions hold
(5.2)

2Q− s
r
Pr − Ps + 2(r2 − s2)PsQ+ P 2 + 2sPQ = Kφ2
1
2rPr − s2rPrs − 12Pss + PQ− sPsQ+ (r2 − s2)PssQ = 0
2
r
Qr −Qss − srQrs + 2(r2 − s2)QQss + 4Q2 − (r2 − s2)Q2s − 2sQQs = 0.
Proof. As we know, (Ω, F ) has constant flag curvature if and only if (5.1) holds.
Since F is spherically symmetric, F can be written as F = uφ(r, s). Therefore,
Fyj = (φ− sφs)
yj
u
+ φsx
j .
Plugging Rij and Fyj into (5.1), one obtains
R1δ
i
j+R2
yi
u
yj
u
+R3x
ixj+R4x
i y
j
u
+R5x
j y
i
u
= Kφ2δij−Kφ(φ−sφs)
yi
u
yj
u
−Kφφsxj y
i
u
.
This is equivalent to say
R1 = Kφ
2, R2 = −Kφ(φ− sφs), R3 = R4 = 0, R5 = −Kφφs.
Notice that
R4 = −sR3
and
R2 = −R1 − sR5.
Hence the constant flag curvature equation can be reduced as
R1 = Kφ
2, R5 = −Kφφs, R3 = 0.
That means F has constant flag curvature K if and only if P and Q should satisfy

2Q− s
r
Pr − Ps + 2(r2 − s2)PsQ+ P 2 + 2sPQ = Kφ2
2
r
Pr − srPrs − Pss −Qs + 2PQ− 2sPsQ
+2(r2 − s2)PssQ− PPs − sPQs − (r2 − s2)PsQs = −Kφφs
2
r
Qr −Qss − srQrs + 2(r2 − s2)QQss + 4Q2 − (r2 − s2)Q2s − 2sQQs = 0.
Furthermore, it is easy to observe that if taking one half of the derivative of the
first one of above equations with respect to s, then adding the second equation,
one can obtain the second equation of (5.2). Thus above equations are equivalent
to (5.2) and the proposition is proved. 
Analogously, we have the following equation to characterize a spherically sym-
metric Einstein metric.
Proposition 5.2. Let (Ω, F ) be a spherically symmetric Finsler metric in Rn.
(Ω, F ) is an Einstein metric if and only if there is a function K = K(r) such that
(5.3) (n− 1)R1 + (r2 − s2)R3 = (n− 1)Kφ2
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where
R1 = 2Q− s
r
Pr − Ps + 2(r2 − s2)PsQ+ P 2 + 2sPQ
and
R3 =
2
r
Qr −Qss − s
r
Qrs + 2(r
2 − s2)QQss + 4Q2 − (r2 − s2)Q2s − 2sQQs.
Proof. A Finsler metric F is Einstein metric if and only if there exists a function
K(x) so that
Ric = (n− 1)K(x)F 2.
Since F is spherically symmetric, thus K(x) must be the function of the radius r.
Furthermore, the Riemann curvature is given by
Rij = u
2(R1δ
i
j +R2
yi
u
yj
u
+R3x
ixj +R4x
i y
j
u
+R5x
j y
i
u
).
Tracing above equality will obtain the result. 
Remark 5.3. From above equation, it is possible to find a clue to verify that Schur
lemma still holds for this type of Einstein metrics.
6. The explicit examples of constant flag curvature
Now we are ready to describe the procedure on how to construct a non-projective
Finsler metric with constant flag curvature. As for the projective spherically sym-
metric Finsler metrics, if they have constant flag curvature, the second author has
given a complete classification in [15].
Let (Ω, F ) ⊆ Rn be a spherically symmetric Finsler metric with constant flag
curvature. Assume F = uφ(r, s) and one part of the geodesic spray coefficients
Q 6= 0. Therefore, it is not projective. By proposition 5.1, F has constant flag
curvature if and only if its geodesic spray coefficients must satisfy the following
three equations
(6.1)

2Q− s
r
Pr − Ps + 2(r2 − s2)PsQ+ P 2 + 2sPQ = Kφ2
1
2rPr − s2rPrs − 12Pss + PQ− sPsQ+ (r2 − s2)PssQ = 0
2
r
Qr −Qss − srQrs + 2(r2 − s2)QQss + 4Q2 − (r2 − s2)Q2s − 2sQQs = 0.
Since it is not easy to get all generic solutions of the third equation explicitly,
one possible way is to find some specific solutions. In fact, we can follow a routine
step to search the required metrics.
Step 1 Find some specific solutions of the third equation of (6.1) to
determine Q.
For example, if suppose Q = c1(r) + c2(r)s
2 are the solutions of the
third equation in (6.1), plugging it into the equation implies
Q = c1(r) +
c′1 + 2rc
2
1
r − 2r3c1 s
2.
Thus Q = c1(r) +
c′1+2rc
2
1
r−2r3c1 s
2 is the specific solutions only depending on a
function of variable r. Furthermore, it usually does not vanish.
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Step 2 Solve the second equation of (6.1) to determine P.
Once Q is precise, the second equation of (6.1) can be rewritten as
1
2r
(P − sPs)r + (P − sPs)Q− r
2 − s2
s
(P − sPs)sQ+ 1
2s
(P − sPs)s = 0.
In fact, this is a linear 1-order partial differential equation about the
function of P − sPs. When Q is not so complicated, it is usually solvable.
Thus one can determine the specific P from it.
Step 3 Compute the flag curvature.
Plugging P and Q in the former steps into the first equation of (6.1), if
the left hand side equals 0, it means that the metric has a vanishing flag
curvature. Otherwise, one can solve φ and obtain the metric function
F = uφ. By a scaling it has a positive flag curvature 1 if the left hand side
of the first equation of (6.1) is positive, and it has a negative flag
curvature -1 if the left hand side of the first equation of (6.1) is negative.
Step 4 Check the metric does exist.
When the flag curvature of F does not vanish, one can solve F in step
3. However, we still need to check that the geodesic spray coefficients of F
equal Gi = uPyi + u2Qxi. Since P and Q are determined, by substituting
φ into the formula of P and Q and comparing them, one will draw a
conclusion.
When the flag curvature of F vanishes, then by a technique used in the
proof of Theorem 1.1, we can solve φ to obtain the metric function from P
and Q.
Let us demonstrate the detailed procedure to produce some new examples via
above steps.
Example 6.1. The Finsler metric
F := u
(2r + 1)2
(4r + 1)
3
2
exp
( ∫ s
0
±4r(r + 4r2 − 2s2)− 4s(1 + 2r)
√
r
(
r + 4r2 − 4s2)(
r + 4r2 − 4s2
)(
± 2rs+ (1 + 2r)
√
r
(
r + 4r2 − 4s2))ds
)
defined on Ω = Rn \ {0} has a vanishing flag curvature. Here r := |x|, u := |y|,
s := 〈x,y〉|y| .
Proof. Suppose Q = c1(r) + c2(r)s
2 are the solutions of the third equation in (6.1)
and plugging it into the equation implies
Q = c1(r) +
c′1 + 2rc
2
1
r − 2r3c1 s
2.
If let c1(r) := − 1r , Q can be simplified as
Q = −r
2 − s2
r3
.
Rewrite the second equation of (6.1) as
1
2r
(P − sPs)r + (P − sPs)Q− r
2 − s2
s
(P − sPs)sQ+ 1
2s
(P − sPs)s = 0.
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When Q = − r2−s2
r3
, one can solve it and conclude that there must exist a function
f such that
P − sPs = f
( r(r2 − s2)
r + 4r2 − 4s2
)√ r
r + 4r2 − 4s2 .
The most simple case is when f equals a constant c. This means
P − sPs = c
√
r
r + 4r2 − 4s2 .
Hence there exists a function g(r) so that
P = g(r)s+
c
√
r(r + 4r2 − 4s2)
r(1 + 4r)
.
Substituting P and Q into the first equation of (6.1) implies that the flag
curvature K = 0 if and only if g = − 2
r+4r2 and c = ±2; otherwise its flag
curvature K 6= 0.
When g = − 2
r+4r2 and c = ±2, we have

P = − 2s
r+4r2 ±
2
√
r(r+4r2−4s2)
r(1+4r)
Q = − r2−s2
r3
.
According to above step 4, we must solve the Finsler metric function F from P
and Q by a technique we have used in the previous section 4. If let
U :=
sφ+ (r2 − s2)φs
φ
, W :=
sφr + rφs
φ
,
then it is easy to see
(6.2) φs =
U − s
r2 − s2φ, φr =
1
s
(W − r(U − s)
r2 − s2 )φ.
Therefore, P and Q can be expressed by U and W via
(6.3)


P = −QU + W2r
Q = 12rs
2rU−2rs−2r2W+s(r2−s2)Ws+s2W+sUW
U2−sU+(r2−s2)Us .
Plugging the formulas of P and Q into the equations (6.3), we obtain
U =
r
(± 4r2(r + 4r2 − 4s2) + s(1 + 2r)√r(r + 4r2 − 4s2)∓ 2rs2)(
r + 4r2 − 4s2)(± 2rs+ (1 + 2r)√r(r + 4r2 − 4s2)) .
By (6.2), one can conclude
(6.4) (lnφ)s =
±4r(r + 4r2 − 2s2)− 4s(1 + 2r)
√
r
(
r + 4r2 − 4s2)(
r + 4r2 − 4s2
)(
± 2rs+ (1 + 2r)
√
r
(
r + 4r2 − 4s2)) .
At the same time, combining (6.3) and (6.2), it can be deduced that
(lnφ)r =
2
√
r(r + 4r2 − 4s2)(s2 + 8r2s2 + 14rs2 + 8r4 − 2r3 − r2)
r(1 + 4r)(r + 4r2 − 4s2)(± 2rs+ (1 + 2r)√r(r + 4r2 − 4s2))
− ±4(5r
3s+ 20r4s− 12r2s3 + rs3)
r(1 + 4r)(r + 4r2 − 4s2)(± 2rs+ (1 + 2r)√r(r + 4r2 − 4s2)) .(6.5)
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Therefore, by using Maple, it can be verified that φ satisfies
(lnφ)rs = (lnφ)sr .
This means there exists φ(r, s) so that it is a solution of the equations (6.4) and
(6.5). Integrating (6.4) will obtian
φ(r, s) = exp
(∫ s
0
±4r(r + 4r2 − 2s2)− 4s(1 + 2r)
√
r
(
r + 4r2 − 4s2)(
r + 4r2 − 4s2
)(
± 2rs+ (1 + 2r)
√
r
(
r + 4r2 − 4s2))ds
)
c0(r).
In order to find out c0(r), firstly notice that φ(r, 0) = c0(r). Thus
φ(r, 0)r = c
′
0(r).
According to (6.5), we know the following equation of c0(r) holds
c′0
c0
=
2(2r − 1)
(2r + 1)(4r + 1)
.
Integrating above equality will yield
c0(r) =
(2r + 1)2
(4r + 1)
3
2
.
Thus the example 6.1 has a vanishing flag curvature. 
Example 6.2. The Finsler metric
F 2 := u2
( 1
4r + 1
± 4
√
r(r + 4r2 − 4s2)s
r(2r + 1)(4r + 1)2
− 4(4r
2 + 3r + 1)
r(2r + 1)2(4r + 1)2
s2
)
defined on Ω = Rn \ {0} has a negative flag curvature K = −1. Here r := |x|,
u := |y|, s := 〈x,y〉|y| .
Proof. As in the proof of example 6.1, if let

P = g(r)s+
c
√
r(r+4r2−4s2)
r(1+4r)
Q = − r2−s2
r3
.
One can easily see that P and Q satisfy both the second equation and the third
equation of (6.1). Thus step 1 and step 2 is done.
Now suppose the flag curvature of the Finsler metric is not zero, that means that
g 6= − 2
r+4r2 and c 6= ±2. In order to determine g(r) and c, let us firstly skip step 3
and directly go to step 4.
Now we will use a similar technique in example 6.1 to find the specific g(r) and c.
Let
U :=
sφ+ (r2 − s2)φs
φ
, W :=
sφr + rφs
φ
,
thus 

P = −QU + W2r
Q = 12rs
2rU−2rs−2r2W+s(r2−s2)Ws+s2W+sUW
U2−sU+(r2−s2)Us .
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Plugging P and Q into above equality, one can obtain
U =
r[A
(
4rs+ s+ (4r3s+ r2s)g(r)
)
+ c(8r4 + 2r3 − 8r2s2 − rs2)]
A
(
8r3 + 6r2 + r + (4r2s2 + rs2)g(r)− 8rs2 − 2s2)+ c(r2s+ 4r3s− 4rs3)
where A :=
√
r(r + 4r2 − 4s2). Therefore, the definition of U implies
(ln φ)s =
U − s
r2 − s2
=
A
(
(4r2s+ rs)g(r) − 8rs− 2s)+ c(8r3 + 2r2 − 4rs2)
A
(
8r3 + 6r2 + r + (4r2s2 + rs2)g(r)− 8rs2 − 2s2)+ c(r2s+ 4r3s− 4rs3) .
At the same time, one can also solve W and obtain (ln φ)r from the definition of
W :
(lnφ)r =
W − r(ln φ)s
s
=
A
(
16rs2 + 2c2r3 + 8c2r4 + 32r2s2 + 2s2 − 8c2r2s2)
r(1 + 4r)[A
(
8r3 + 6r2 + r + (4r2s2 + rs2)g(r)− 8rs2 − 2s2)+ c(r2s+ 4r3s− 4rs3)]
+
A(32r6 + 32r5 + 10r4 − 32r4s2 − 16r3s2 + r3 − 2r2s2)g(r)
r(1 + 4r)[A
(
8r3 + 6r2 + r + (4r2s2 + rs2)g(r)− 8rs2 − 2s2)+ c(r2s+ 4r3s− 4rs3)]
+
A(16r4s2 + 32r5s2 + 2r3s2)g(r)2
r(1 + 4r)[A
(
8r3 + 6r2 + r + (4r2s2 + rs2)g(r)− 8rs2 − 2s2)+ c(r2s+ 4r3s− 4rs3)]
+
c
(− 8r4s− 2r3 − 8r2s3s− 2rs3 + (64r6s+ 32r5s+ 4r4s− 64r4s3 − 16r3s3)g(r))
r(1 + 4r)[A
(
8r3 + 6r2 + r + (4r2s2 + rs2)g(r)− 8rs2 − 2s2)+ c(r2s+ 4r3s− 4rs3)] .
Since (ln φ)sr = (ln φ)rs, we can compute it with the help of Maple and conclude
that it holds if and only if
g(r) =
2(−10r + c2r − 3)
3r(2r + 1)(4r + 1)
, c = ±1 or ± 2.
However, for c 6= ±2, c has to be ±1 and g(r) = − 2(3r+1)
r(2r+1)(4r+1) .
Now P and Q are given by

P = −2(3r+1)s
r(2r+1)(4r+1) ±
√
r(r+4r2−4s2)
r(4r+1)
Q = − r2−s2
r3
and we can substitute P and Q into the first equation of (6.1) to execute step 3.
Finally the metric F can be obtained:
F 2 = u2
( 1
4r + 1
± 4
√
r(r + 4r2 − 4s2)s
r(2r + 1)(4r + 1)2
− 4(4r
2 + 3r + 1)
r(2r + 1)2(4r + 1)2
s2
)
and the flag curvature K is -1. 
Remark 6.3. Actually, one can choose c1(r) =
a
r
and do the above process to
obtain a family of Finsler metrics with constant flag curvature depending on a.
Since the metrics are similar with the examples, we do not go to the details and
give an explicit expression here.
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Example 6.4. The Finsler metric
F := u exp
(
4r2
∫ s
0
4
(± (4r2 − 2s2 + 1)− (4r2s− 4s3 + s)√ 1+4r21+4r2−4s2 )ds
(16r4 + 8r2 − 32r2s2 + 16s4 − 8s2 + 1)
√
1+4r2
1+4r2−4s2 ± (8r2s− 8s3 + 2s)
)
defined on Ω = Rn has a vanishing flag curvature. Here r := |x|, u := |y|,
s := 〈x,y〉|y| .
Proof. We know that Q = c1(r) +
c′1+2rc
2
1
r−2r3c1 s
2 is a solution of the third equation of
(6.1). If assume c1(r) = −2, then

P = h(r)s+ c
√
1+4r2−4s2
1+4r2
Q = −2 + 8s21+4r2
satisfy the second equation and the third equation of (6.1). Plugging P and Q
into the first equation of (6.1), one can see that the flag curvature K = 0 if and
only if h = 0 and c = ±2. Therefore

P = ±2
√
1+4r2−4s2
1+4r2
Q = −2 + 8s21+4r2 .
Now let us solve the metric function F . By a similar argument in example (6.1),
one can calculate that

(lnφ)s =
4
(
±(4r2−2s2+1)−(4r2s−4s3+s)
√
1+4r2
1+4r2−4s2
)
(16r4+8r2−32r2s2+16s4−8s2+1)
√
1+4r2
1+4r2−4s2
±(8r2s−8s3+2s)
(lnφ)r =
8r[(16r4+8r2−24r2s2+8rs4−6s2+1)
√
1+4r2
1+4r2−4s2
±(4s3−8r2s−2s)]
(16r4+8r2−32r2s2+16s4−8s2+1)
√
1+4r2
1+4r2−4s2
±(8r2s−8s3+2s)
.
It is easy to check (lnφ)sr = (lnφ)rs does hold by Maple. This means there exist
φ satisfies above equations and one can solve that
φ = exp
( ∫ s
0
4
(± (4r2 − 2s2 + 1)− (4r2s− 4s3 + s)√ 1+4r21+4r2−4s2 )ds
(16r4 + 8r2 − 32r2s2 + 16s4 − 8s2 + 1)
√
1+4r2
1+4r2−4s2 ± (8r2s− 8s3 + 2s)
)
c0(r)
where c0 = exp(4r
2). 
Example 6.5. The Finsler metric
F 2 :=
u2
(1 + 4r2)2
(
16r4 + 8r2 − 16r2s2 + 1± 4s
√
(1 + 4r2)(1 + 4r2 − 4s2))
defined on Ω = Rn has a negative flag curvature K = −1. Here r := |x|, u := |y|,
s := 〈x,y〉|y| .
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Proof. In the proof of example (6.4), let

P = h(r)s+ c
√
1+4r2−4s2
1+4r2
Q = −2 + 8s21+4r2
and assume that h 6= 0 and c 6= ±2. Under these conditions, the metric does not
have a vanishing flag curvature. From the expression of P and Q, one can solve
(lnφ)s and (ln φ)r in terms of h and c. The equation (lnφ)sr = (lnφ)rs implies
h(r) =
2(c2 − 4)
3(1 + 4r)
, c = ±1 or ± 2.
By our assumption, h = − 21+4r and c = ±1. Plugging

P = − 2s1+4r ±
√
1+4r2−4s2
1+4r2
Q = −2 + 8s21+4r2
into the first equation of (6.1) will have
φ2 =
1
(1 + 4r2)2
(
16r4 + 8r2 − 16r2s2 + 1± 4s
√
(1 + 4r2)(1 + 4r2 − 4s2))
and the flag curvature K = −1. 
Remark 6.6. (1) Here, one can also vary c1 = a to produce another similar class
of Finsler metrics with constant flag curvature depending on a. It is very possible
to find some new examples of constant flag curvature K = 1 via this method.
(2) However, it seems that it is quite hard to get an explicit classification theorem
on this class of Finsler metrics with constant flag curvature since even for some
specific c1(r), one can not alway get an explicit formula of P from the second
equation of (6.1).
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